Abstract. Let p k,3 (n) enumerate the number of 2-color partition triples of n where one of the colors appears only in parts that are multiples of k. In this paper, we prove several infinite families of congruences modulo powers of 3 for p k,3 (n) with k = 1, 3, and 9. For example, for all integers n ≥ 0 and α ≥ 1, we prove that
Introduction
The 2-color partition triple function is defined by [5] :
Here and throughout the paper, we adopt the following customary notation on partitions and q-series:
(1 − aq n ), |q| < 1.
Partition-theoretically, p k,3 (n) can be interpreted as the number of 2-color partition triples of n where one of the colors appears only in parts that are multiples of k. For instance, p 2,3 (2) = 12, since 2 = 2 1 = 2 2 = 2 3 = 2 4 = 2 5 = 2 6 = 1 1 + 1 1 = 1 2 + 1 2 = 1 3 + 1 3 = 1 1 + 1 2 = 1 1 + 1 3 = 1 2 + 1 3 .
Quite recently, Wang and Chern [5] established some Ramanujan-type congruences modulo 5, 7, and 11 for p 3,3 (n) via modular forms and standard q-series techniques. Following their work and relating to Hirschhorn's recent work on 3-colored partitions [2] , we will obtain some infinite families of congruences modulo any powers of 3 for p k,3 (n) with k = 1, 3, and 9. The main results of this paper are stated as follows:
D. TANG Theorem 1.1. For all integers n ≥ 0 and α ≥ 1,
3)
For all integers n ≥ 0 and α ≥ 1,
Of course, for any positive integer k = 3m, we can also investigate arithmetic properties modulo powers of 3 for p k,3 (n) case by case via following the same line of proving Theorems 1.1-1.3. However, the calculations get more and more tedious.
The remainder of this paper is organized as follows. In Section 2, we present the background material on the H operator and some necessary lemmas. In Section 3, we provide the proofs of Theorems 1.1-1.3. We end with some remarks to motivate further study.
Preliminary results
To obtain the main results of this paper, we first introduce some necessary notations and terminology on q-series.
For notational convenience, we denote that 
By induction, it follows immediately from (2.2) that Lemma 2.2. The coefficients m(i, j) = 0 if and only if
The following lemma is the main ingredient for our proof. 
Next, we proceed by induction on j. According to (3.4), we know that (3.1) is true for j = 1. Assume (3.1) holds for some positive integer j ≥ 1. We can rewrite it as
Taking out those terms of the form q 3n+2 and applying Lemma 2.3, we have
According to Lemma 2.2, we obtain that m(4l, k) = 0 when 4l + 2 3 ≤ k, thus we can
This implies that (3.2) holds for j. Similarly, we rewrite (3.2) as follows:
Picking out those terms of the form q 3n and according to Lemma 2.3, we obtain
By Lemma 2.2, we can see that m(4l + 2, k) = 0 when 4l + 4 3 ≤ k, thus we will suppose
This implies that (3.1) holds for j + 1. Hence we finish the proof by induction.
For any positive integer n, let ν 3 (n) count the highest power of 3 that divides n. For convention, we denote ν 3 (0) = ∞. To prove (1.1)-(1.5), we need the following lemma to estimate the 3-adic powers of a(j, k).
Lemma 3.2. For any positive integers i ≥ 1 and j ≥ 1,
Proof. Eq. (3.7) follows easily from (2.2) and induction on i, j. , j) ). On the other hand, in view of (2.1), we would like to emphasize that the lower bound given by Eq. (3.7) is best possible.
Lemma 3.4. For any positive integers j ≥ 1 and k ≥ 1, Hence we obtain
This asserts (3.9) holds for k = 1. 2) k > 1. According to Lemma 3.2, we get
These two cases imply (3.9) holds for j. Similarly, in view of (2.3), we know that m(4i + 2, i + 1) = 0 if i ≥ 2. By computation, we find that m(6, 2) = 1. Hence
One readily obtain ν 3 (a(2j + 1, 1)) = ν 3 (a(2j, 1)) ≥ 2j + 1.
For k > 1, we can see that
Therefore (3.8) is true for j + 1 and therefore holds for any positive integer j. The proof is completed by induction.
The congruence (1.1) follows from (3.1) together with (3.8), and the congruence (1.5) follows from (3.2) together with (3.9).
Notice that
In view of Lemma 2.1, we obtain, modulo 3 2j+5 , (ω is a cube root of unity different from one) .
Picking out those terms of the form q 3n+1 and q 3n+2 , after simplification, we find that, modulo 3 2j+5 ,
Notice that ν 3 (a(2j, 1)) ≥ 2j + 1, this proves (1.2) and (1.3).
3.2.
Congruences for p 3,3 (n) modulo powers of 3. Now, we apply the same method to investigate the arithmetic properties for p 3,3 (n). Define 1) b(1, 1) = 9, and b(1, k) = 0 for k ≥ 2.
2) For any integers j ≥ 1 and k ≥ 1,
Theorem 3.5. For any positive integer j,
Proof. By the similar reasons as above,
.
Taking out those terms of the form q 3n+2 and invoking (2.4), after simplification, we can see that Next, we proceed by induction on j. By (3.11), we know that (3.10) holds for j = 1. Suppose (3.10) is true for some j ≥ 1. Notice that
Taking out those terms of the form q 3n+1 and according to Lemma 2.3, we obtain
By Lemma 2.2, we obtain that m(4l + 1, k) = 0 when 4l + 3 3 ≤ k, thus we can suppose
This proves that (3.10) is true for j + 1. This finishes the proof by induction.
Lemma 3.6. For any positive integer j ≥ 1, we have
Proof. It is easy to check that (3.13) holds for j = 1. Assume (3.13) is true for some j ≥ 1. By Lemma 3.2, we find that
This proves that (3.13) is true for j + 1. This ends the proof by induction.
The congruence (1.6) follows from (3.10) together with (3.13).
It is easy to see that
Similarly, modulo 3 j+5 , we obtain .
Since ν 3 (b(j, 1)) ≥ j + 1, this establishes (1.7).
3.3.
Congruences for p 9,3 (n) modulo powers of 3. We present here the main results and omit their proofs because this case is similar to the case k = 1. Define 1) c(1, 1) = 9, and c(1, k) = 0 for k ≥ 2.
2) For any integers j ≥ 1 and k ≥ 1, 
